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Abstract
We study the thermodynamics of soft wall model in AdS/QCD framework. The low temperature
phase of QCD is described by thermal AdS and high temperature phase by AdS Black hole solution of
five dimensional gravity with negative cosmological constant. The chemical potential is introduced via
the solution of U(1) vector field in the bulk. The difference of action densities in two phases is studied
and the results are compared with hard wall model. The quark number susceptibility is also calculated
in both the models.
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1 Introduction
The strongly coupled regime of gauge theories is full of mysterious phenomena, for example, dynamical
symmetry breaking and dimensional transmutation. QCD provides an interesting example of strongly
coupled gauge theory including the matter fields. At low energies, the theory is strongly coupled and
shows confinement. At intermediate energies the theory undergoes a confinement to quark-gluon plasma
phase transition. Our understanding of this phase transition is limited and the only available tool is
lattice field theory [1, 2].
The techniques of gauge-gravity duality (AdS/CFT correspondence) [3–5] are useful to understand
strongly coupled dynamics of gauge theories. The duality captures the dynamics of boundary gauge
theories in terms of dynamics of fields in bulk AdS space time and hence the duality is holographic in
nature. The boundary value of bulk fields couple to currents in boundary theory and act as a source for
them. In general the partition function of boundary theory is equal to partition function of bulk fields in
supergravity approximation. The finite temperature behaviour of gauge theories is understood in terms
of AdS-Schwarzschild black hole geometry in the bulk [6, 7].
Recently the AdS/CFT duality is adapted to understand the strong coupling dynamics of QCD
[8–14,17–30]. In the simplest phenomenological model, known as hard wall model, an infra-red boundary
cut-off is introduced in AdS space time [8]. The chiral dynamics is captured by a pair of gauge fields in
the bulk and chiral symmetry is broken by the expectation value of a complex scalar field in the bulk.
The boundary conditions for the bulk gauge fields at infra-red boundary give the spectrum of mesons.
In soft wall model infra-red boundary is pushed to infinity and a dilaton field in the bulk is included in
the action [9].
In this paper, we investigate the phase structure of holographic QCD in soft wall model at finite
chemical potential. We also study the hard wall model and compare our results with soft wall model.
The schematic plots of chemical potential versus transition temperature seem to agree with lattice results
[31, 32]. We have also calculated the susceptibility in both hard wall and soft wall models.
2 Soft Wall Model
Let us consider five dimensional gravity action with negative cosmological constant, Λ = − 6L2 ,
Sgrav = − 1
2κ2
∫
d5x
√
g e−Φ
(
R +
12
L2
)
, (1)
where κ2 = 8πG5 and G5 is five dimensional Newton’s constant.
The low temperature phase of boundary gauge theory is described by thermal AdS (tAdS) solution
2
of the above action having line element,
ds2 =
L2
z2
(
dτ2 + dz2 + d~x2
)
, (2)
where 0 < z <∞. The solution to equations of motion for dilaton field is taken as, Φ = cz2 in order to
produce the linear Regge trajectories for mesons [9].
The high temperature phase is described by AdS black hole (AdSBH) with the line element,
ds2 =
L2
z2
(
f(z)dτ2 +
dz2
f(z)
+ d~x2
)
(3)
where f(z) = 1 − (z/zh)4 and the horizon of the black hole is located at zh. The Hawking temperature
of the black hole is given by T = 1/πzh. In our study, we have used AdS radius L = 1.
Using action of equation (1), the action density for thermal AdS is given by,
S¯tAdSg =
4
κ2
∫ β
0
dτ
∫
∞
ǫ
dz
e−cz
2
z5
=
πzh
κ2
(
e−cǫ
2
(1− cǫ2)
ǫ4
− e
−cǫ2(1− cǫ2)
2z4h
− c2Ei(−cǫ2) +O(ǫ4)
)
(4)
where β is time periodicity of thermal AdS, given by β = πzh
√
f(ǫ). We introduce the UV cut-off ǫ and
take the limit ǫ→ 0 in the end. The integral ‘Ei’ is defined as Ei(x) = − ∫∞
−x e
−t/t dt and Ei(−∞) = 0.
The action density for AdS black hole solution is given by,
S¯AdSBHg =
4
κ2
∫ πzh
0
dτ
∫ zh
ǫ
dz
e−cz
2
z5
=
πzh
κ2z4h
[
e−cz
2
h
(
cz2h − 1
)
+ c2z4hEi(−cz2h)
]
+
πzh
κ2
[e−cǫ2
ǫ4
(
1− cǫ2)− c2Ei(−cǫ2)] (5)
where we have defined S¯ = S/V3 and V3 is three volume (V3 ≡
∫
d3x). On subtracting equation (5) and
(4), the divergent terms cancel out and in the limit ǫ→ 0, the difference in gravitational action densities
for two solutions is given by,
∆S¯g = lim
ǫ→0
(S¯AdSBHg − S¯tAdSg )
=
π
κ2z3h
[
e−cz
2
h
(
cz2h − 1
)
+
1
2
+ c2z4hEi(−cz2h)
]
(6)
The difference vanishes for cz2h = 0.419 or Tc = 0.492
√
c where c = (388MeV )2 and one gets a phase
transition from AdS spacetime to AdS black hole solution [10].
We are interested in the finite temperature dynamics of QCD at finite matter density in holographic
model described above. The matter part of Euclidean action is given by,
Smatter =
1
4g2
5
∫
d5x e−Φ
√
g F 2 (7)
3
where g5 is the five dimensional gauge coupling constant.
The quark number density is identified with the zero momentum limit of time component of U(1)
vector field of the chiral symmetry group U(2)L × U(2)R, which obeys,
∂z
(
1
z
e−Φ∂zVτ (z)
)
= 0. (8)
The solution of the above equation is given by,
Vτ (z) = ae
cz2 + b (9)
where a and b are integration constants. Our solution diverges for z → ∞. In order to regularize the
solution, the upper limit of the solution is taken as zΛ. For thermal AdS solution, zΛ →∞ and for AdS
black hole solution zΛ = zh. Using boundary conditions, Vτ (z = zΛ) = 0 and Vτ (z = 0) = iµ, the general
solution can be written as,
Vτ (z) =
iµ
1− eczΛ2 (e
cz2 − eczΛ2). (10)
The parameter µ is introduced for later convenience and can be identified as quark chemical potential [14].
The factor i is used here because we are dealing with Euclidean signature [15,16]. The boundary condition
Vτ (z = zh) = 0 for AdS black hole solution is needed to ensure the regularity of the solution at the horizon.
For thermal AdS this boundary condition Vτ (z = zΛ →∞) = 0 is needed for the finiteness of the solution.
Using this, the action density for thermal AdS solution is given by,
S¯tAdSv = − lim
ǫ→0
µ2 c2
g2
5
(eczΛ2 − 1)2
∫ β
0
dτ
∫ zΛ
ǫ
dz zecz
2
= − µ
2 c
g2
5
πzh
1
(eczΛ2 − 1) . (11)
In the limit zΛ →∞, we get S¯tAdSv = 0, i.e. no contribution in grand potential from thermal AdS side.
Similarly, the action density for AdS black hole is given by,
S¯AdSBHv = −
µ2 c
g2
5
πzh
1
(ecz
2
h − 1) . (12)
The difference in action densities for vector part of matter action densities in both solutions is given
by,
∆S¯v = − µ
2 c
g2
5
πzh
1
(ecz
2
h − 1) . (13)
Grand potential Ω(µ, T ) is related with on-shell Euclidean action S as
Ω(µ, T ) = TSon−shell (14)
where T is the black hole temperature.
4
Using 1κ2 =
N2c
4π2 ,
1
g2
5
=
NcNf
4π2 , the difference in grand potentials of AdS black hole and thermal AdS
is given by,
∆Ω
V3
=
1
z4h
N2c
4π2
[
e−cz
2
h
(
cz2h − 1
)
+
1
2
+ c2z4hEi(−cz2h)
]
− c µ
2 Nc Nf
4π2 (ecz
2
h − 1) . (15)
which can be written in terms of black hole temperature T = 1πzh ,
∆Ω
V3
=
π2T 4N2c
4
[
e−c/π
2T 2
( c
π2T 2
− 1
)
+
1
2
+
c2
π4T 4
Ei
(
− c
π2T 2
)]
− c µ
2 Nc Nf
4π2
(
ec/π2T 2 − 1) . (16)
The entropy (S) in the grand canonical formalism is defined as S = −(∂Ω/∂T )V,µ. The entropy
difference between the two phases is given as,
∆S
V3
= − 1
2
e−c/π
2T 2
(
ec/π
2T 2 − 2
)
π2T 3N2c +
c2ec/π
2T 2µ2NcNf
2
(
ec/π2T 2 − 1)2 π4T 3 , (17)
which is a nonzero at transition temperature, indicating a first order phase transition.
The quark number susceptibility is given by,
χ(T ) = − 1
V3
∂2ΩAdSBH(µ, T )
∂µ2
=
c NcNf
2π2
(
ec/π2T 2 − 1) . (18)
For large values of T (T >>
√
c), we have ec/π
2T 2 ≈ 1 + c/π2T 2. In this limit the expression for χ
becomes,
χ(T ) ≈ NcNfT
2
2
, (19)
which is same as in hard wall model as we shall see later. From now onwards we shall take Nf = 2 and
Nc = 3 unless stated otherwise.
In fig. 1 we have plotted the transition temperature as a function of chemical potential. This is
obtained by setting the difference of grand potential in two phases equal to zero. At high temperature
the grand potential is lower for AdS black hole, which corresponds to deconfined phase in QCD. As the
temperature is lowered, thermal AdS solution becomes favourable, corresponding to confined phase of
QCD. The temperature where ∆Ω = 0, we get Hawking -Page transition in supergravity picture.
3 Hard Wall Model
Now let us compare our results with the hard wall model. The action in hard model is given as
S = Sgrav + Smatter
= − 1
2κ2
∫
d5x
√
g
(
R +
12
L2
)
+
1
4g2
5
∫
d5x
√
g F 2 (20)
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Figure 1: Transition temperature vs chemical potential in soft wall model (continuous curve) and in hard
wall model (dashed curve).
In hard wall model, an infrared cut-off is introduced in boundary theory at some finite value of
z = zIR [8]. The numerical value of zIR = (323 MeV )
−1 is determined by fitting the data for low lying
meson states with experiments. The solution of the time component of U(1) vector field is given by,
Vτ (z) = c1 + c2 z
2. (21)
where the constant c1 is related to quark chemical potential and c2 is related to quark number density
as c2 = 12 π
2 nq/Nc [13].
In hard wall model we use boundary conditions, Vτ (z = zΛ) = 0 and Vτ (z = 0) = iµ. Using these
boundary conditions, the general solution can be written as,
Vτ (z) = iµ
(
1− z
2
z2
Λ
)
. (22)
For thermal AdS, zΛ = zIR and for AdS black hole, zΛ = zh. For AdS black hole this condition is
required to ensure the regularity of the solution at the horizon. Although for thermal AdS, there is no
prior reason to impose the boundary condition zΛ = zIR, but we use it. This gives a linear relation between
quark number density and quark chemical potential, consistent with the relation found in ref. [13]. This
boundary condition also implies that the chemical potential is zero whenever the charge density vanishes.
6
After evaluating the action densities of gravitational [10] and matter part in both phases, the difference
in grand potential of the two phases (AdS black hole and thermal AdS) is given by,
∆Ω
V3
=


1
κ2
1
2z4
h
− µ2
g2
5
(
z2IR
z4
h
− 1
z2
IR
)
zIR < zh
1
κ2
(
1
z4
IR
− 1
2z4
h
)
− µ2
g2
5
(
1
z2
h
− 1
z2
IR
)
zIR > zh.
(23)
For zIR < zh, the expression is always positive, therefore no phase transition. We study the condition
zIR > zh for phase transition. Putting values
1
κ2 =
N2c
4π2 and
1
g2
5
=
NcNf
4π2 , we get difference of grand
potential in hard wall model as,
∆Ω
V3
=
N2c
8
π2
(
2
π4z4IR
− T 4
)
− µ
2Nc Nf
4
(
T 2 − 1
π2z2IR
)
, (24)
We have plotted transition temperature Tc vs chemical potential µ (when ∆Ω = 0) in fig 1. In our
calculations in this model, we have used zIR = 1/323 MeV
−1. The entropy difference between the two
phases in this model is given by,
∆S
V3
=
N2c
2
π2T 3 +
Nc Nf
2
µ2 T. (25)
The susceptibility in hard wall model is given by,
χ(T ) = − 1
V3
∂2ΩAdSBH(µ, T )
∂µ2
=
NcNf
2
T 2. (26)
which agrees with soft wall model for higher temperatures (T >>
√
c).
4 Conclusion
The plot of transition temperature versus chemical potential seems to agree with lattice results [31, 32]
in both the models. In soft wall model there is more rapid change in transition temperature for values of
µ between 200-400 MeV . Since the entropy difference ∆S 6= 0 at the transition temperature, the phase
transition is of first order. We have also evaluated the susceptibility in both hard wall and in soft wall
models. Our results are valid for small values of the chemical potential as we haven’t considered back
reacted geometry. Perhaps a more useful setting for back reacted geometry is charged AdS black hole
solution as investigated by Lee et. al. [15]. It would be interesting to study back reaction of matter on
geometry and the transport properties like electrical conductivity etc. for the system.
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